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Abstract
It is known that Dirac nodes can be present at high-symmetry points of Brillouin zone only for certain space groups. For
these cases, the effect of strain is treated by symmetry considerations. The dependence of strain-induced potentials on
the strain tensor is found. In all but two cases, the pseudomagnetic field potential is present. It can be used to control
valley currents.
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1. Introduction
Dirac and Weyl semimetals, gapless materials with lin-
ear dispersion of low-energy electron excitations effectively
described by Dirac-like or Weyl-like equation, are being
extensively studied both theoretically and experimentally
[1–4].
Elastics strain has a remarkable effect on Dirac and
Weyl fermions in solids, initially found in 2D Dirac semi-
metal graphene: it induces scalar potential and vector (to
be more precise, pseudovector) potential having exactly
the form of potential induced by external magnetic field
[5, 6]. It is called pseudomagnetic field (PMF); the only
difference between PMF and real magnetic field is that
PMF does not break time reversal symmetry. The pseu-
domagnetic field can be very strong [7], but it is an effective
field which is felt only by Dirac fermions and cannot be
detected from the outside directly. Similar effect has been
noted in materials other than graphene, too [5, 8], see also
earlier work [9].
Thus strain can lead to the physics of magnetism even
in non-magnetic materials such as graphene, where strain
in combination with other stimuli could lead to diamag-
netism, paramagnetism, or ferromagnetism [10, 11].
Some conclusions about the existence of Dirac or Weyl
nodes at high-symmetry points of Brillouin zone (BZ) can
be made solely from the symmetry considerations [4, 12,
13]. Ref. [12] provides the corresponding data for “orbital
Weyl points”, i. e., Weyl points in the band structure of
spinless electrons, so these points are actually Dirac points
(if we take into account spin degeneracy but neglect spin-
orbit interaction). It is shown that some space groups en-
force the presence of Dirac nodes at some high-symmetry
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points of BZ, others allow but not enforce it, and the rest
forbid Dirac nodes at high-symmetry points. Even in the
first case the resulting Dirac material is not necessarily
a Dirac semimetal because Dirac excitations may coex-
ist with some other electron excitations away from high-
symmetry points.
It is naturally to expect the presence of strain-induced
potentials in symmetry-enforced Dirac nodes. Conclusions
about general analytical form of the strain-induced con-
tribution to Dirac Hamiltonian can also be made on the
symmetry grounds only, which was most successfully ap-
plied to graphene. Here we use that technique to find the
allowed scalar and pseudomagnetic contributions to Dirac
Hamiltonians in all the symmetry-enforced and symmetry-
allowed orbital Dirac materials.
2. Symmetry restrictions on Hamiltonian
We consider the pseudomagnetic and pseudoelectric
field formation in materials with Dirac nodes at high-sym-
metry points of the Brillouin zone. As shown in [12], space
groups of such materials and special points of their BZ
are such that the little group of that point has a two-
dimensional irreducible representation (which corresponds
to twofold band degeneracy, i. e., a band touching point)
or in some cases a four-dimensional one and certain addi-
tional conditions are satisfied. If all irreducible representa-
tions of the little group are two- or four-dimensional, then
a Dirac node is symmetry-enforced at that point. The little
group G of a particular point in BZ consists of the sym-
metry operations of the original space group which leave
that point unchanged (or changed by a reciprocal lattice
vector).
Electron excitations in the vicinity of the Dirac nodes
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are described by the Hamiltonian
H = vxσxpx + vyσypy + vzσzpz. (1)
Symmetry can impose additional restrictions on Fermi ve-
locities vx,y,z.
Small non-magnetic disturbance cannot open the gap
in this Hamiltonian. The general form of a slightly dis-
turbed Hamiltonian is
H = vxσx
(
px − ecAx(r)
)
+ vyσy
(
py − ecAy(r)
)
+
+ vzσz
(
pz − ecAz(r)
)
+ V (r). (2)
If the disturbance is induced by small elastic strain, then
the strain-induced scalar (pseudoelectric) potential V (r)
and the components of the strain-induced vector (pseudo-
magnetic) potential A(r) are linear combinations of com-
ponents of the strain tensor, which is defined in the lin-
ear order as uij(r) =
1
2 (∂iuj + ∂jui), where u(r) is the
displacement field [5, 14]. Strain-induced contributions of
higher order in uij , their derivatives, and momentum com-
ponents are allowed, but they all are small if the strain
is smooth and small (which is required by linear elastic
strain approach) and the momentum is small, too (which
is required by the Dirac treatment). For V (r), such com-
bination must be invariant under all elements of the little
group G of the point of the BZ where the Dirac node oc-
curs (and also the elements of the space group combined
with time reversal if they leave that point invariant), and
A(r) must transform under elements of G exactly in the
same way as the momentum p.
3. Results for different space groups
In Ref. [12], Table I lists space groups and high-sym-
metry points which always have a symmetry-enforced Dirac
node, while Table II of [12] lists space groups and high-
symmetry points which may or may not have a Dirac node
(all groups in that list belong to hexagonal crystal family).
Following the analogous works for graphene [14–16] and
using the database of Bilbao Crystallographic Server [17–
19], we list all the groups that enforce of allow Dirac nodes
at high-symmetry points in our Table 1 together with the
corresponding high-symmetry points and possible analyt-
ical forms of strain induced potentials, including scalar
potential and vector potential. For scalar potentials, the
contribution proportional to the trace of the strain tensor,∑
i uii, is always possible, but in some cases this can be
not the only possible contribution.
For example, consider the space group I4132 (No. 214
in [20]). It must have a Dirac node at P point of its Bril-
louin zone. This space group is generated by following
symmetry operations: −1 0 0 1/20 −1 0 0
0 0 1 1/2
 ,
 −1 0 0 00 1 0 1/2
0 0 −1 1/2
 ,
 0 0 1 01 0 0 0
0 1 0 0
 ,
 0 1 0 3/41 0 0 1/4
0 0 −1 1/4
 . (3)
The symmetry operation consists of an orthogonal trans-
formation represented by a matrix and a translation rep-
resented by a vector. Only the matrices are relevant for
our consideration.
All but the last of these symmetry operations also enter
the little group of P . It can be seen that the symmetry
enforces vx = vy = vz. The only possible combination
of the strain tensor components which is invariant under
little group operations is the trace of the strain tensor, and
the only possible vector made of strain tensor components
which transforms in the same way as the momentum vector
is (uyz, uzx, uxy).
This can be confirmed by an explicit example. One
of the simplest structures having space group I4132 is
the (10, 3)-a crystal (Fig. 1), also known as triamond,
or the K4 crystal (see [21] and references therein). Two
Dirac nodes with different energies can be observed in the
band structure given by a four-band s-orbital tight-binding
model of that crystal, considered in [12] and [22]; that
system is not a Dirac semimetal though, because Dirac
fermions coexist with other electron excitations, which are
much more numerous. The corresponding Fermi velocity
is vF =
1
2
√
3
at/h¯, where a is the lattice constant and t
is the hopping integral. If we assume that hoppings are
modified by strain with β = −at ∂t∂a = const, then the
strained Dirac Hamiltonian acquires the scalar potential
V (r) = 1√
3
βt × (uxx + uyy + uzz) and the vector poten-
tial eA = cvF βt× (uyz, uzx, uxy), which fully fits the form
predicted by symmetry.
Table 1 shows a diversity of expressions for potentials.
For the group P4132 and its enantiomorphic pair P4332,
the PMF is forbidden. Not surprisingly, for some of the
hexagonal groups, the PMF potential is the same as for
the case of graphene. The factors in the expansions given
in the table cannot be predicted from symmetry.
In all the cases listed, apart from a Dirac node in a
high-symmetry point, there is another Dirac node at the
opposite corner of the Brillouin zone. When the high-
symmetry point is time-reversal-invariant (it happens for
simple cubic lattices, groups from the top part of Table 1
having P in their Hermann–Maugin symbol), there are two
kinds of Dirac fermions living at the same Dirac node (or,
two Dirac nodes at the same point of the Brillouin zone and
the same energies) [12]. Thus, the second Dirac node and
the corresponding valley is always related to the first one
by time reversal. It changes the signs of momenta but does
not affect strain tensor. Consequently, the strain-induced
2
Space groups Point Scalar potential Vector potential
I4132 (214) P
(
1
4 ,
1
4 ,
1
4
)
V × (uxx + uyy + uzz) A× (uyz, uzx, uxy)
P4132 (213), P4332 (212) R
(
1
2 ,
1
2 ,
1
2
)
V × (uxx + uyy + uzz) 0
I213 (199) P V × (uxx + uyy + uzz) A× (uyz, uzx, uxy)
P213 (198) R V × (uxx + uyy + uzz) A× (uyz, uzx, uxy)
I4122 (98) P V × (uxx + uyy) + Vzuzz (Auyz,−Auzx, Azuxy)
P43212 (96), P41212 (92) A
(
1
2 ,
1
2 ,
1
2
)
V × (uxx + uyy) + Vzuzz A× (uyz,−uzx, 0)
I212121 (24) W
(
3
4 ,
1¯
4 ,
1¯
4
)
Vxuxx + Vyuyy + Vzuzz (Axuyz, Ayuzx, Azuxy)
P212121 (19) R Vxuxx + Vyuyy + Vzuzz (Axuyz, Ayuzx, Azuxy)
P622, P61,5,2,4,322 (177–182) K
(
1
3 ,
1
3 , 0
)
V × (uxx + uyy) + Vzuzz A× (uxx − uyy,−2uxy, 0)
P622, P62,422 (177,180,181) H
(
1
3 ,
1
3 ,
1
2
)
V × (uxx + uyy) + Vzuzz A× (uxx − uyy,−2uxy, 0)
P321, P31,221 (150,152,154) K,H V × (uxx + uyy) + Vzuzz A×(uxx−uyy,−2uxy, 0) +Az×(uyz,−uzx, 0)
Table 1: Strain-induced potentials for symmetry-enforced (top part) and symmetry-allowed (bottom part) Dirac nodes at high-symmetry
points of BZ for given space groups.
Figure 1: The (10, 3)-a crystal, one of the simplest crystal struc-
tures having space group I4132. The crystal has 4 primitive bcc
sublattices, shown in different colors.
scalar potential has the same sign for two valleys related
by time reversal, while the PMF potential has different
sign. This is consistent with the fact that strain cannot
violate time-reversal symmetry.
This, in turn, means that PMF can be used to control
valley currents, which can be applied to 3D valleytronics
[23]. In Weyl and multi-Weyl semimetals, the topological
responses from strain-induced axial fields manifest them-
selves in various physical effects (including chiral anomaly
[24]), allowing to control chirality accumulation, which
opens further opportunities for valleytronics [25]. PMF in
Dirac materials can also manifest itself in pseudo-Landau
levels [26].
Three-dimensional Dirac (and Weyl) semimetals usu-
ally have Dirac (Weyl) nodes not at high-symmetry points,
but rather at high-symmetry lines or planes of their Bril-
louin zones, and/or spin-orbit coupling is present in these
materials [1–4]. However, Dirac nodes described in [12] can
be found in the band structure of real materials. In par-
ticular, the cubic gauche nitrogen (cg-N), a high-energy-
density nitrogen allotrope [27, 28], has space group I213,
and its band structure indeed shows Dirac nodes at the
P point of the BZ, including one just above the Fermi
level [29]. Although cg-N is not a Dirac semimetal, the
density of states at the Dirac node energy is little enough
to assume that Dirac fermion dynamics can be seen in
cg-N. One possible way to see the effect of the PMF is
to make a commensurate two-dimensional thin slice in-
cluding the direction of the P point, e. g. parallel to the
(11¯0) plane, introduce orthogonal coordinates (q, z) in it,
apply an appropriate strain profile generating a uniform
PMF in accordance with Table 1, e. g. in-plane deforma-
tion u = (z2/L, 0) with L being a parameter of dimension
of length, move the Fermi level to the Dirac node, and
observe the pseudo-Landau levels.
4. Conclusion
The effect of strain upon materials with Dirac nodes at
high-symmetry points of Brillouin zone have been studied
with symmetry considerations. The results shown in Ta-
ble 1 indicate that the form of the dependence of the strain-
induced scalar and vector potentials differs for different
space groups; scalar potential is always present, while the
vector pseudomagnetic field potential is present in all cases
except for space groups P4132 and P4332. As the pseudo-
magnetic field has different sign for two valleys, it can be
used for 3D valleytronics. The pseudomagnetic field can
manifest itself in cubic gauche nitrogen.
3
Acknowledgements
The work was supported by RFBR [grant number 17-
02-01134]. A. D. Z. was supported by the “PhD Student”
grant of Foundation for the advancement of theoretical
physics and mathematics “Basis”. Yu. E. L. was supported
by Program of Basic Research of HSE.
References
[1] T. O. Wehling, A. M. Black-Schaffer, A. V. Balatsky, Dirac ma-
terials, Adv. Phys. 63 (2014) 1. doi:10.1080/00018732.2014.
927109.
[2] O. Vafek, A. Vishwanath, Dirac fermions in solids: From high-
Tc cuprates and graphene to topological insulators and Weyl
semimetals, Annu. Rev. Condens. Matter Phys. 5 (2014) 83.
doi:10.1146/annurev-conmatphys-031113-133841.
[3] H. Weng, X. Dai, Z. Fang, Topological semimetals predicted
from first-principles calculations, J. Phys. Condens. Matter 28
(2016) 303001. doi:10.1088/0953-8984/28/30/303001.
[4] N. P. Armitage, E. J. Mele, A. Vishwanath, Weyl and Dirac
semimetals in three dimensional solids, Rev. Mod. Phys.arXiv:
1705.01111.
[5] B. Amorim, A. Cortijo, F. de Juan, A. G. Grushin, F. Guinea,
A. Gutie´rrez-Rubio, H. Ochoa, V. Parente, R. Rolda´n, P. San-
Jose, J. Schiefele, M. Sturla, M. A. H. Vozmediano, Novel ef-
fects of strains in graphene and other two dimensional materials,
Phys. Rep. 617 (2016) 1. doi:10.1016/j.physrep.2015.12.006.
[6] A. Cortijo, Y. Ferreiro´s, K. Landsteiner, M. A. H. Vozmediano,
Elastic gauge fields in Weyl semimetals, Phys. Rev. Lett. 115
(2015) 177202. doi:10.1103/PhysRevLett.115.177202.
[7] N. Levy, S. A. Burke, K. L. Meaker, M. Panlasigui, A. Zettl,
F. Guinea, A. H. Castro Neto, M. F. Crommie, Strain-induced
pseudo-magnetic fields greater than 300 tesla in graphene
nanobubbles, Science 329 (2010) 544. doi:10.1126/science.
1191700.
[8] G. G. Naumis, S. Barraza-Lopez, M. Oliva-Leyva, H. Terrones,
Electronic and optical properties of strained graphene and other
strained 2D materials: a review, Rep. Prog. Phys. 80 (2017)
096501. doi:10.1088/1361-6633/aa74ef.
[9] S. V. Iordanski˘ı, A. E. Koshelev, Dislocations and localization
effects in multivalley conductors, Pis’ma Zh. Exp. Teor. Fiz. 41
(1985) 471–473.
[10] S. Cheng, J. Yu, T. Ma, N. M. R. Peres, Strain-induced edge
magnetism at the zigzag edge of a graphene quantum dot, Phys.
Rev. B 91 (2015) 075410. doi:10.1103/PhysRevB.91.075410.
[11] K.-J. Kim, Y. M. Blanter, K.-H. Ahn, Interplay between real
and pseudomagnetic field in graphene with strain, Phys. Rev.
B 84 (2011) 081401(R). doi:10.1103/PhysRevB.84.081401.
[12] J. L. Man˜es, Existence of bulk chiral fermions and crystal sym-
metry, Phys. Rev. B 85 (2012) 155118. doi:10.1103/PhysRevB.
85.155118.
[13] S. M. Young, C. L. Kane, Dirac semimetals in two dimensions,
Phys. Rev. Lett. 115 (2015) 126803. doi:10.1103/PhysRevLett.
115.126803.
[14] J. L. Man˜es, F. de Juan, M. Sturla, M. A. H. Vozmediano, Gen-
eralized effective Hamiltonian for graphene under nonuniform
strain, Phys. Rev. B 88 (2013) 155405. doi:10.1103/PhysRevB.
88.155405.
[15] H. Suzuura, T. Ando, Phonons and electron-phonon scattering
in carbon nanotubes, Phys. Rev. B 65 (2002) 235412. doi:
10.1103/PhysRevB.65.235412.
[16] J. L. Man˜es, Symmetry-based approach to electron-phonon in-
teractions in graphene, Phys. Rev. B 76 (2007) 045430. doi:
10.1103/PhysRevB.76.045430.
[17] M. I. Aroyo, J. M. Perez-Mato, D. Orobengoa, E. Tesci, G. de la
Flor, A. Kirov, Crystallography online: Bilbao Crystallographic
Server, Bulg. Chem. Commun. 43 (2011) 183.
[18] M. I. Aroyo, J. M. Perez-Mato, C. Capillas, E. Kroumova,
S. Ivantchev, G. Madariaga, A. Kirov, H. Wondratschek, Bilbao
Crystallographic Server I: Databases and crystallographic com-
puting programs, Z. Krist. 221 (2006) 15. doi:10.1524/zkri.
2006.221.1.15.
[19] M. I. Aroyo, A. Kirov, C. Capillas, J. M. Perez-Mato, H. Won-
dratschek, Bilbao Crystallographic Server II: Representations
of crystallographic point groups and space groups, Acta Cryst.
A62 (2006) 115. doi:10.1107/S0108767305040286.
[20] T. Hahn (Ed.), International tables for crystallography. Volume
A: Space-group symmetry, Springer, Dordrecht, 2005.
[21] T. Sunada, Lecture on topological crystallography, Japan J.
Math. 7 (2012) 1. doi:10.1007/s11537-012-1144-4.
[22] M. Tsuchiizu, Three-dimensional higher-spin Dirac and Weyl
dispersions in the strongly isotropic K4 crystal, Phys. Rev. B
94 (2016) 195426. doi:10.1103/PhysRevB.94.195426.
[23] Zhou Jian-Hui, Jiang Hua, Niu Qian, Shi Jun-Ren, Topological
invariants of metals and the related physical effects, Chin. Phys.
Lett. 30 (2013) 027101. doi:10.1088/0256-307X/30/2/027101.
[24] D. I. Pikulin, A. Chen, M. Franz, Chiral anomaly from strain-
induced gauge fields in Dirac and Weyl semimetals, Phys. Rev.
X 6 (2016) 041021. doi:10.1103/PhysRevX.6.041021.
[25] Z.-M. Huang, J. Zhou, S.-Q. Shen, Topological responses from
chiral anomaly in multi-Weyl semimetals, Phys. Rev. B 96
(2017) 085201. doi:10.1103/PhysRevB.96.085201.
[26] A. G. Grushin, J. W. F. Venderbos, A. Vishwanath, R. Ilan,
Inhomogeneous Weyl and Dirac semimetals: Transport in ax-
ial magnetic fields and Fermi arc surface states from pseudo-
Landau levels, Phys. Rev. X 6 (2016) 041046. doi:10.1103/
PhysRevX.6.041046.
[27] M. I. Eremets, A. G. Gavriliuk, I. A. Trojan, D. A. Dzivenko,
R. Boehler, Single-bonded cubic form of nitrogen, Nat. Mater.
3 (2004) 558. doi:10.1038/nmat1146.
[28] E. Benchafia, Z. Yao, G. Yuan, T. Chou, H. Piao, X. Wang,
Z. Iqbal, Cubic gauche polymeric nitrogen under ambient
conditions, Nat. Commun. 8 (2017) 930. doi:10.1038/
s41467-017-01083-5.
[29] X.-Q. Chen, C. L. Fu, R. Podloucky, Bonding and strength of
solid nitrogen in the cubic gauche (cg-N) structure, Phys. Rev.
B 77 (2008) 064103. doi:10.1103/PhysRevB.77.064103.
4
